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Abstract—The wideband return from a circular waveguide
cavity is investigated in the joint time-frequency space using the
reassigned joint time-frequency (RJTF) transform. Equations for
generating the reassigned joint time-frequency distribution from
a frequency domain signal are presented. The performance of
the reassigned transform is compared with that of the short-time
Fourier transform (STFT) based on data obtained from both
simulation and measurement.

Index Terms—Radar scattering, reassigned joint time-frequency
(RJTF) transform, short-time Fourier transform (STFT), wave-
guide cavities.

I. INTRODUCTION

THE study of wideband scattering data from different
structures is important for radar target identification. The

wideband returns from an open-ended waveguide cavity have
been investigated previously in the joint time-frequency do-
main [1]–[3]. It was found that the joint time-frequency space
provides significant insights into many scattering mechanisms
including scattering centers, resonances, and modal disper-
sions. The most widely used time-frequency representation is
the short-time Fourier transform (STFT). A well-known limita-
tion of the STFT is that the window width defines the precision
of the signal in the time and frequency domains. For instance,
if the time window in the STFT is , then the thickness of the
signal along the time axis is and along the frequency
axis. Another well-known time-frequency representation, the
Wigner–Ville distribution, shows excellent signal localization
characteristics. However, additional cross terms are introduced
in the time-frequency plane. In this letter, we investigate the
application of the reassigned joint-time frequency transform on
the broadband returns of an open-ended waveguide cavity.

The reassigned joint time-frequency (RJTF) transform, first
developed by Kodera et al. [4], has been applied extensively in
the acoustic community on speech and music signals [5]–[7].
In the resulting RJTF distribution, the signal is represented as
a function of its instantaneous time (or local group delay) and
instantaneous frequency. The main feature of this distribution
is that it has optimum time-frequency localization properties
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without the presence of interference/cross terms. Simple sig-
nals such as tones, clicks, and chirps are concentrated to lines
of infinite precision or zero thickness in the reassigned spec-
trogram. This contrasts with the performance of other time-fre-
quency distributions such as the STFT.

Traditionally, the RJTF has been applied on time domain sig-
nals. However, the collected data from stepped frequency radars
are usually in the frequency domain. Therefore, we first derive
an expression for the reassigned spectrogram for a frequency
domain signal. Our RJTF implementation is a dual to the form
proposed in [7]. It is then applied to the broadband radar echo
data obtained both by simulation and measurement.

II. REASSIGNED JOINT TIME-FREQUENCY TRANSFORM

It is well known that the STFT can be applied to either a
time domain signal or its frequency domain representation

as shown in

(1)

(2)

Gaussian windows of time width and frequency width
have been used in the previous STFT definitions. Since the win-
dows used in the two domains are Fourier transform pairs, the
resulting STFT distributions are identical except for a phase
factor .

The reassigned transform reassigns the STFT distribution to
the instantaneous time and instantaneous frequency coordinates

. They are derivable from the time and frequency
derivatives of the phase of the STFT of a time domain signal.
Different implementations of the phase derivatives have been
discussed in literature. Here, we adopt the form presented in
[7]. First, a second distribution is defined using a
time-window product as

(3)

The instantaneous time and instantaneous frequency are
then derived from the two distributions and as
shown in

(4)
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Fig. 1. Scattered field returns from an open-ended circular waveguide cavity.

(5)

In parallel with the previous derivation, we present a dual for-
mula of the RJTF using the frequency domain signal. A second
spectrogram is defined using a frequency-window
product as

(6)

The instantaneous frequency and instantaneous time, which are
related to the partial derivatives of the spectral phase , can then
be derived using distributions and as follows:

(7)

(8)

Consequently, to generate the RJFT, each point in the
STFT spectrogram is first transformed to a corresponding point
in the plane using (7) and (8). A fine grid is then
formed in the new plane. The strength of each cell in the grid
is determined by the square root of the sum of the absolute
strengths of all the points that fall within that cell. This op-
eration ensures that the energy is conserved during the transfor-
mation of the distribution from the plane to the
plane.

III. BROADBAND RADAR RETURNS FROM A CIRCULAR DUCT

We consider a 2-ft-long circular duct of 1.5-in diameter that is
shorted at one end. The total backscattered field from the open-
ended waveguide cavity consists of three dominant mechanisms
as shown in Fig. 1. These include the diffraction from the rim of
the open end of the cavity 1, the scattering contribution from the
interior of the cavity 2, and the scattering from the exterior back
end of the cavity 3. When the frequency of the incident field is
above the lowest cutoff frequency of the waveguide, propagating
modes are excited within the cavity.

The broadband returns of the duct are simulated from 1 to
18 GHz. The returns from the interior of the cavity are modeled
using a modal approach [8] and the rim diffraction component
is determined based on the asymptotic formula given in [9]. A
small attenuation factor is introduced in the simulation to model

wall losses and make the modes decay with time. The diffraction
from the exterior of the cavity is not modeled in the simulation.
Fig. 2(a) shows the STFT of the backscattered data at normal in-
cidence. A Gaussian window of 1 GHz is used. Two scattering
mechanisms are observed in the spectrogram. The nondispersive
rim diffraction 1 is the first vertical line. This is the only com-
ponent that is present below the cutoff frequency of the lowest
TE mode in the waveguide. The scattering from the interior
of the duct 2 is observed after a roundtrip delay of 4.1 ns. This
consists of the dispersion curves of two waveguide modes TE
(with a cutoff of 4.62 GHz) and TM (13.84 GHz), excited
within the cavity. The thickness of the signals along the time
and the frequency axes depend on the size of the window used
in the STFT. The choice of the window size, however, causes a
time and frequency domain tradeoff as it is not possible to simul-
taneously determine the precise time and the frequency location
of each component in the distribution. Fig. 2(b) shows the reas-
signed distribution of the simulated data as a function of the in-
stantaneous time and instantaneous frequency. Some important
features are observed. The signal is now localized into very thin
lines along both the time and the frequency axes. The thickness
of the signals is independent of the choice of the window size
used in the STFT and is instead fixed by the fine grid size in the

plane. The grid size is chosen sufficiently large here
in order for the features to be recognizable in the plots. In all of
our plots, the dynamic range is fixed at 50 dB where the high
limit is set as the maximum value of the time-frequency dis-
tribution. Note that the peak value of the RJTF is about 14 dB
higher than that of the STFT, due to improved localization of
the features.

Fig. 3(a) shows the spectrogram generated by the application
of the STFT on the simulated backscattering for a vertically po-
larized wave at 45 incidence. Many more modes are excited at
this oblique incidence case as indicated in the figure. Fig. 3(b)
shows the reassigned spectrogram of the same broadband data.
Again, it is observed that the precision of the signal components
is enhanced, thus leading to improved readability of the spectro-
gram when compared to the STFT spectrogram. Note, however,
that the resolution of the reassigned transform is still limited
by the Fourier uncertainty bounds. For instance, it is possible
to perfectly resolve two modes only as long as they are further
apart than along the time axis and along the frequency
axis. In the figure, it is observed that when the modal lines are
very close (within the Fourier limits), they are not perfectly re-
solved either by the STFT or the RJTF implementations. Thus,
the RJTF achieves optimal precision but does not achieve better
resolution than the STFT.

Broadband (1–18 GHz) measurements of the open wave-
guide returns are next made in the laboratory using a vector
network analyzer and two broadband horn antennas. The broad-
band measurement of the background (without the target)
is subtracted from the target return to reduce the effect of the
background and the direct coupling between the horns. Fig. 4(a)
shows the STFT of the target returns for normal incidence.
The spectrogram shows good agreement with the simulation
results. However, there are some important differences. First,
a second vertical line, labeled as 3, occurs at an additional
roundtrip delay of 4.1 ns after the rim return. It is caused by the
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Fig. 2. Joint time-frequency representation of simulated scattered field from a circular waveguide cavity for 0 incidence using (a) STFT and (b) RJTF transform.

Fig. 3. Joint time-frequency representation of simulated scattered field from a circular waveguide cavity for 45 vertically polarized incidence using (a) STFT
and (b) RJTF transform.

Fig. 4. Joint time-frequency representation of measured scattered field from a circular waveguide cavity for 0 incidence using (a) STFT and (b) RJTF transform.
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Fig. 5. Joint time-frequency representation of measured scattered field from a circular waveguide cavity for 45 vertically polarized incidence using (a) STFT
and (b) RJTF transform.

scattering from the exterior back end of the cavity. Second, an-
other new feature that is observed in the spectrogram, labeled as
4, is the scattering from the interior after a two-roundtrip travel
within the cavity. This mechanism was not accounted for in the
modal simulation, which only included the single-roundtrip re-
turn. Fig. 4(b) shows the reassigned spectrogram of the same
data. It shows improved precision of the signal energy in the
time and frequency domains. The underlying noise is localized
into a “froth-like” pattern. This is similar to the reassigned spec-
trogram of white Gaussian noise reported in [7]. It is observed
that in the areas where the signal-to-noise ratio (SNR) is high,
the signal lines dissociate from the underlying froth patterns. A
moderate improvement in the SNR of the RJTF distribution is
observed in comparison to the STFT distribution.

Fig. 5(a) and (b) shows the time-frequency plots obtained by
the application of the STFT and the reassigned transform on
the target returns obtained for a 45 vertical polarized incident
wave. Both plots show good agreement with the simulation re-
sults presented earlier, except for the addition of mechanisms 3
and 4. Superior precision is achieved in the reassigned spectro-
gram when compared to the STFT spectrogram.

IV. CONCLUSION

The application of the RJTF transform on broadband scat-
tering data from an open-ended waveguide cavity has been in-
vestigated. The implementation of the reassigned distribution
has been derived for a frequency domain signal and its charac-
teristics have been studied in relation to the conventional STFT.
The reassigned transform achieves improved signal localization
in the time and frequency domains when compared to the STFT.
The resolution, however, remains the same. Noise is localized
into a froth-like pattern and a moderate improvement in the SNR

is observed in the reassigned spectrogram. This transform is
well suited when the STFT does not provide sufficient localiza-
tion of the signal features of interest. We have recently applied
this transform to study the micro-Doppler returns from human
movements. In that case, many different time-varying Doppler
features due to the dynamics of the different body parts are man-
ifested in the time-frequency plane. The results will be reported
elsewhere [10].
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